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Abstract
Unlike in the case of Fibonacci and Lucas numbers, there is a paucity of literature
dealing with summation identities involving the Padovan and Perrin numbers. In this
paper, we derive various summation identities for these numbers, including binomial
and double binomial identities. Our results derive from the rich algebraic properties
exhibited by the zeros of the characteristic polynomial of the Padovan/Perrin sequence.
1 Introduction
The Padovan numbers, Pn, are defined by
Pn = Pn−2 + Pn−3 (n ≥ 3) , P0 = P1 = P2 = 1 , (1.1)
and the Perrin numbers, Qn, by
Qn = Qn−2 +Qn−3 (n ≥ 3) , Q0 = 3, Q1 = 0, Q2 = 2 . (1.2)
Both sequences (Pn) and (Qn) can be extended to negative indices by writing the recurrence
relations as Pn = Pn+3 − Pn+1 and Qn = Qn+3 − Qn+1 and replacing n with −n, thus
obtaining
P−n = P−n+3 − P−n+1, Q−n = Q−n+3 −Q−n+1 .
We have (see Theorem 1)
P−n = P
2
n−7 − Pn−6Pn−8
and
2Q−n = Q
2
n −Q2n .
Following is a list of the first few Padovan and Perrin numbers:
n −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9 10 11 12
Pn 1 −1 1 0 0 1 0 1 1 1 2 2 3 4 5 7 9 12 16 21
Qn −1 −2 4 −3 2 1 −1 3 0 2 3 2 5 5 7 10 12 17 22 29
Compared to the related Fibonacci and Lucas sequences, there is a dearth of literature on
Padovan and Perrin sequences. We mention Shannon et. al. [3] and Yilmaz and Taskara [8].
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Useful information is contained in the Wikipedia articles [6, 7], Mathworld articles [4, 5]
and the Mathpages [2] article on these numbers.
The purpose of this paper is to present binomial summation identities such as
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
Pp+n−3j = (−1)n(QnPp − Pn+p) ,
and
⌊n/2⌋∑
j=0
(−1)j
(
n− j
j
)
Pp+n−3j = (−1)n−1(Pp+1Pn−3 − PpPn−2) .
We will also derive double binomial summation identities such as
⌊n/2⌋∑
j=0
n−2j∑
k=0
(−1)j+k n
n− j
(
n− j
j
)(
n− 2j
k
)
Qn−2j−kp Pq−pj+pk = QpnPq − Ppn+q .
Finally, we will derive ordinary summation identities such as the sum of Padovan numbers
and Perrin numbers with subscripts in arithmetic progression:
n∑
j=0
Ppj+q =
∣∣∣∣∣∣
Ppn+p+q − Pq Pp−3 Pp−4
Ppn+p+q+1 − Pq+1 Pp−2 − 1 Pp−3
Ppn+p+q−1 − Pq−1 Pp−4 Pp−5 − 1
∣∣∣∣∣∣∣∣∣∣∣∣
Pp−2 − 1 Pp−3 Pp−4
Pp−1 Pp−2 − 1 Pp−3
Pp−3 Pp−4 Pp−5 − 1
∣∣∣∣∣∣
,
n∑
j=0
Qpj+q =
∣∣∣∣∣∣
Qpn+p+q −Qq Pp−3 Pp−4
Qpn+p+q+1 −Qq+1 Pp−2 − 1 Pp−3
Qpn+p+q−1 −Qq−1 Pp−4 Pp−5 − 1
∣∣∣∣∣∣∣∣∣∣∣∣
Pp−2 − 1 Pp−3 Pp−4
Pp−1 Pp−2 − 1 Pp−3
Pp−3 Pp−4 Pp−5 − 1
∣∣∣∣∣∣
,
and the generating function of Padovan numbers with subscripts in arithmetic progression:
∞∑
j=0
Ppj+qy
j =
∣∣∣∣∣∣
Pq −yPp−3 −yPp−4
Pq+1 −yPp−2 + 1 −yPp−3
Pq−1 −yPp−4 −yPp−5 + 1
∣∣∣∣∣∣∣∣∣∣∣∣
−yPp−2 + 1 −yPp−3 −yPp−4
−yPp−1 −yPp−2 + 1 −yPp−3
−yPp−3 −yPp−4 −yPp−5 + 1
∣∣∣∣∣∣
.
Here and throughout this paper, | · | denotes matrix determinant.
Throughout this paper, we denote by α, β and γ, the zeros of the characteristic polynomial,
x3 − x− 1, of the Padovan sequence.
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1.1 Algebraic properties of α, β and γ
Vieta’s formulas give
α + β = −γ, αβ = 1/γ, αβ + αγ + βγ = −1 , (1.3)
from which we also infer
α2 + β2 = γ2 − 2/γ = −γ2 + 2 , (1.4)
(α− β)2 = 1− 3/γ = 4− 3γ2 , (1.5)
α2β + β2α = −1 = αβ(α+ β) , (1.6)
(α2 − β2)2 = γ2 − 3γ (1.7)
and
α/β + β/α = γ − 1 . (1.8)
The following result is readily established by mathematical induction.
Lemma 1. The following identities hold for integer n:
αn = α2Pn−4 + αPn−3 + Pn−5 , P1
βn = β2Pn−4 + βPn−3 + Pn−5 P1a
and
γn = γ2Pn−4 + γPn−3 + Pn−5 . P1c
Standard techniques for solving difference equations give
Qn = α
n + βn + γn , (1.9)
which we shall often employ in the useful form
αn + βn = Qn − γn . (1.10)
Adding the identities in Lemma 1, we have
Qn = α
n + βn + γn = Q2Pn−4 +Q1Pn−3 + 3Pn−5 ,
which allows us to express the Perrin numbers in terms of the Padovan numbers:
Qn = 2Pn−4 + 3Pn−5 . (1.11)
From identity (1.4) and Lemma 1, we also have
αn + βn = −γ2Pn−4 − γPn−3 + 2Pn−2 . (1.12)
Lemma 1 gives
αn − βn = (α2 − β2)Pn−4 + (α− β)Pn−3 ; (1.13)
so that
αn − βn
α− β = −γPn−4 + Pn−3 . (1.14)
Squaring (1.13) and making use of (1.5) and (1.7) gives
(αn − βn)2 = (P 2n−4 − 3P 2n−3)γ2 − (3P 2n−4 + 2Pn−4Pn−3)γ + 4P 2n−3 + 6Pn−3Pn−4 . (1.15)
Since Pn−4 = Pn−2 − Pn−5, identity (1.11) can also be written as
Qn = 2Pn−2 + Pn−5 . (1.16)
From (1.16) and Lemma 1 we have
3
Lemma 2. The following identities hold for integer n:
2αn+2 + αn−1 = α2Qn + αQn+1 +Qn−1 , P1d
2βn+2 + βn−1 = β2Qn + βQn+1 +Qn−1
and
2γn+2 + γn−1 = γ2Qn + γQn+1 +Qn−1 .
Presently, we derive more algebraic properties of α, β and γ.
Since α is a zero of x3 − x− 1, we have
α + 1 = α3 ; (1.17)
so that
α3 − α = 1⇒ α(α− 1)(α+ 1) = 1 ,
from which we get
α− 1 = 1/α4, by (1.17) , (1.18)
and
α2 − 1 = 1/α . (1.19)
We also write identity (1.18) as
α4 + 1 = α5 . (1.20)
On account of identity (1.18), identity (1.8) is
α/β + β/α = 1/γ4 , (1.21)
which also implies
1/α2 + 1/β2 = 1/γ3 . (1.22)
Addition and subtraction of (1.17) and (1.18) give
α7 + 1 = 2α5 (1.23)
and
α7 − 1 = 2α4 , (1.24)
while, upon multiplication, (1.23) and (1.24) give
α14 − 1 = 4α 9. (1.25)
Identities (1.17) – (1.25), excluding (1.21) and (1.22), can be collected into the following
lemma.
Lemma 3. The following identities hold for integer m, for each set of values of a, b, c, d,
e, f and g given in the appended table:
aαm+c + bαm+d = fαm+e , (1.26)
aβm+c + bβm+d = fβm+e (1.27)
and
aγm+c + bγm+d = fγm+e . (1.28)
4
a b c d e f a b c d e f
Set 1: 1 −1 1 −1 −2 1 Set 9: 1 1 1 −6 −1 2
Set 2: 1 −1 1 −2 −1 1 Set 10: 2 1 2 −2 5 1
Set 3: 1 1 −1 −2 1 1 Set 11: 1 −1 5 −2 2 2
Set 4: 1 1 2 −2 3 1 Set 12: 1 −2 5 2 −2 1
Set 5: 1 −1 3 2 −2 1 Set 13: 1 −1 7 −7 2 4
Set 6: 1 −1 3 −2 2 1 Set 14: 1 −4 7 2 −7 1
Set 7: 2 −1 −1 1 −6 1 Set 15: 1 4 −7 2 7 1
Set 8: 2 −1 −1 −6 1 1
The observation that if a, b, c, d, e and f are rational numbers and λ and λ2 are linearly
independent irrational numbers, then aλ2+ bλ+ c = dλ2+ eλ+ f if and only if a = d, b = e
and c = f leads to the following properties.
Lemma 4. If a, b, c, d, e and f are rational numbers, then:
aα2 + bα + c = dα2 + eα + f ⇐⇒ a = d, b = e and c = f , P2
aβ2 + bβ + c = dβ2 + eβ + f ⇐⇒ a = d, b = e and c = f , P3
aγ2 + bγ + c = dγ2 + eγ + f ⇐⇒ a = d, b = e and c = f , P4
aα2 + bα + c
dα2 + eα + f
=
∣∣∣∣∣∣
a e d
b d+ f e
c d f
∣∣∣∣∣∣∣∣∣∣∣∣
d+ f e d
d+ e d+ f e
e d f
∣∣∣∣∣∣
α2+
∣∣∣∣∣∣
d+ f a d
d+ e b e
e c f
∣∣∣∣∣∣∣∣∣∣∣∣
d+ f e d
d+ e d+ f e
e d f
∣∣∣∣∣∣
α+
∣∣∣∣∣∣
d+ f e a
d+ e d+ f b
e d c
∣∣∣∣∣∣∣∣∣∣∣∣
d+ f e d
d+ e d+ f e
e d f
∣∣∣∣∣∣
, P5
for d, e, f not all zero; with similar expressions for β and γ; and, in particular,
1
dα2 + eα + f
=
e2 − d2 − fd∣∣∣∣∣∣
d+ f e d
d+ e d+ f e
e d f
∣∣∣∣∣∣
α2+
d2 − ef∣∣∣∣∣∣
d+ f e d
d+ e d+ f e
e d f
∣∣∣∣∣∣
α+
d2 + 2fd+ f 2 − ed− e2∣∣∣∣∣∣
d+ f e d
d+ e d+ f e
e d f
∣∣∣∣∣∣
,
P6
1
eα + f
=
e2
f 3 − e2f + e3α
2 − ef
f 3 − e2f + e3α +
f 2 − e2
f 3 − e2f + e3 P7
and
1
dα2 + eα
=
e2 − d2
e3 + d3 − ed2α
2 +
d2
e3 + d3 − ed2α +
d2 − ed− e2
e3 + d3 − ed2 . P8
1.1.1 A note on notation
Since any function F (α, a, b, . . .) or G(β, a, b, . . .) orH(γ, a, b, . . .), where a, b, . . . are rational
numbers, can be considered a vector with three components, we can write
F = (F )α2 α
2 + (F )α α + (F )α0 , (1.29)
G = (G)β2 β
2 + (G)β β + (G)β0 (1.30)
and
H = (H)γ2 γ
2 + (H)γ γ + (H)γ0 ; (1.31)
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so that (F )αj , j ∈ {0, 1, 2}, denotes the αj component of F , etc. Thus, for example, from
identities P1, P5 and P6, we can write
(αn)α2 = Pn−4, (α
n)α = Pn−3, (α
n)α0 = Pn−5 , (P9)
(
aα2 + bα + c
dα2 + eα + f
)
α2
=
∣∣∣∣∣∣
a e d
b d+ f e
c d f
∣∣∣∣∣∣∣∣∣∣∣∣
d+ f e d
d+ e d+ f e
e d f
∣∣∣∣∣∣
(P10)
and (
1
dα2 + eα + f
)
α2
=
e2 − d2 − fd∣∣∣∣∣∣
d+ f e d
d+ e d+ f e
e d f
∣∣∣∣∣∣
. (P11)
Theorem 1. For all integers n, we have
P−n = P
2
n−7 − Pn−6Pn−8 (1.32)
and
2Q−n = Q
2
n −Q2n . (1.33)
Proof. We have (
α−n
)
α2
=
(
1
αn
)
α2
,
which by P1 and P2 gives
P−n−4 =
P 2n−3 − P 2n−4 − Pn−4Pn−5∣∣∣∣∣∣
Pn−4 + Pn−5 Pn−3 Pn−4
Pn−3 + Pn−4 Pn−4 + Pn−5 Pn−3
Pn−3 Pn−4 Pn−5
∣∣∣∣∣∣
=
P 2n−3 − P 2n−4 − Pn−4Pn−5∣∣∣∣∣∣
Pn−2 Pn−3 Pn−4
Pn−1 Pn−2 Pn−3
Pn−3 Pn−4 Pn−5
∣∣∣∣∣∣
,
in which the numerator factors into P 2n−3− Pn−2Pn−4 while the determinant in the denom-
inator evaluates to 1 for all n; and hence identity (1.32).
Squaring (1.9) gives
Q2n = α
2n + β2n + γ2n + 2βnγn + 2αnγn + 2αnβn
= α2n + β2n + γ2n︸ ︷︷ ︸
Q2n
+2α−n + 2β−n + 2γ−n︸ ︷︷ ︸
2Q
−n
,
from which (1.33) follows.
Theorem 2. The following identities hold for integers p and n:
Q−nPp − Pp−n = QnPp+n − Pp+2n (1.34)
and
PpP−n−3 − Pp+1P−n−4 = Pp+n+1Pn−4 − Pp+nPn−3 . (1.35)
6
Proof. Set x = α and y = β in the identity
x−n + y−n = (xy)−n(xn + yn) ,
multiply through by γp+4 and make use of identity (1.10) to obtain
Q−nγ
p+4 − γp−n+4 = Qnγp+n+4 − γp+2n+4 ,
from which identity (1.34) follows upon use of the γ version of property P9.
Set x = α and y = β in the identity
x−n − y−n
x− y = −(xy)
−nx
n − yn
x− y ,
multiply through by γp+4 and make use of identity (1.14) to obtain
γp+4P−n−3 − γp+5P−n−4 = γp+n+5Pn−4 − γp+n+4Pn−3 ,
which then yields identity (1.35).
Corollary 3. Let λ ∈ {p : Pp = 0}, that is λ ∈ {−17,−8,−4,−3,−1}. Then the following
identities hold for any integer n:
P−n = P2n+3λ −Qn+λPn+2λ , (1.36)
Pn+λQ−n = P2n+λQn − P3n+λ (1.37)
Q−n = QnPn −Qn−1Pn−2 − P2n−2 , (1.38)
Pλ+1P−n = Pλ+n−4Pn−7 − Pλ+n−3Pn−8 (1.39)
and
Pλ−1P−n = Pλ+n−3Pn−7 − Pλ+n−4Pn−6 . (1.40)
Lemma 5. The following identities hold for integers r, s and t, s 6= 0:(
(αr + βr)γt
)
γ2
= QrPt−4 − Pr+t−4 (1.41)
and
(
αr − βr
αs − βs γ
t
)
γ2
=
∣∣∣∣∣∣
Pt−3Pr−4 − Pt−4Pr−3 Ps−4 0
Pt−2Pr−4 − Pt−3Pr−3 −Ps−3 Ps−4
Pt−4Pr−4 − Pt−5Pr−3 0 −Ps−3
∣∣∣∣∣∣∣∣∣∣∣∣
−Ps−3 Ps−4 0
Ps−4 −Ps−3 Ps−4
Ps−4 0 −Ps−3
∣∣∣∣∣∣
. (1.42)
Proof. Using identity (1.10), we have
(αr + βr)γt = (Qr − γr)γt = Qrγt − γr+t ,
from which identity (1.41) follows when we use properties P1c and P10.
By (1.14),
αr − βr
αs − βs γ
t =
αr − βr
α− β
α− β
αs − βsγ
t =
γt+1Pr−4 − γtPr−3
γPs−4 − Ps−3 , (1.43)
from which identity (1.42) follows upon application of properties P1c and P10.
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Lemma 6. Let a and b be rational numbers and f and g functions of α. The αj components
(·)αj have the following composition rules:
(af)αj = a (f)αj , (1.44)
(af + bg)αj = a (f)αj + b (g)αj , (1.45)
(fg)α2 = (f)α0 (g)α2 + (f)α2 (g)α0 + (f)α (g)α + (f)α2 (g)α2 , R1
(fg)α = (f)α0 (g)α + (f)α (g)α0 + (f)α2 (g)α + (f)α (g)α2 + (f)α2 (g)α2 R2
and
(fg)α0 = (f)α0(g)α0 + (f)α(g)α2 + (f)α2(g)α . R3
Theorem 4. The following identity holds for integers m and n:
Pm+n = PmPn−5 + Pm+1Pn−3 + Pm+2Pn−4 .
Proof. Set f = αm and g = αn in R3, use P9 and note also that αmαn = αm+n.
2 Summation identities
2.1 Summation identities not involving binomial coefficients
2.1.1 Sums of Padovan and Perrin numbers with subscripts in arithmetic pro-
gression
Setting x = αp in the geometric sum identity
n∑
j=0
xj =
xn+1 − 1
x− 1 (2.1)
and multiplying through by αq+4 gives
n∑
j=0
αpj+q+4 =
αpn+p+q+4 − αq+4
αp − 1 . (2.2)
Thus, we have
n∑
j=0
(
αpj+q+4
)
α2
=
(
(Ppn+p+q − Pq)a2 + (Ppn+p+q+1 − Pq+1)α + Ppn+p+q−1 − Pq−1
Pp−4α2 + Pp−3α+ Pp−5 − 1
)
α2
;
(2.3)
and hence, by P10,
n∑
j=0
Ppj+q =
∣∣∣∣∣∣
Ppn+p+q − Pq Pp−3 Pp−4
Ppn+p+q+1 − Pq+1 Pp−2 − 1 Pp−3
Ppn+p+q−1 − Pq−1 Pp−4 Pp−5 − 1
∣∣∣∣∣∣∣∣∣∣∣∣
Pp−2 − 1 Pp−3 Pp−4
Pp−1 Pp−2 − 1 Pp−3
Pp−3 Pp−4 Pp−5 − 1
∣∣∣∣∣∣
. (2.4)
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Using (2.1) and P1d, a similar calculation for the Perrin numbers yields
n∑
j=0
Qpj+q =
∣∣∣∣∣∣
Qpn+p+q −Qq Pp−3 Pp−4
Qpn+p+q+1 −Qq+1 Pp−2 − 1 Pp−3
Qpn+p+q−1 −Qq−1 Pp−4 Pp−5 − 1
∣∣∣∣∣∣∣∣∣∣∣∣
Pp−2 − 1 Pp−3 Pp−4
Pp−1 Pp−2 − 1 Pp−3
Pp−3 Pp−4 Pp−5 − 1
∣∣∣∣∣∣
. (2.5)
In particular we have
n∑
j=0
Pj+q = Pn+q+5 − Pq+4 (2.6)
and
n∑
j=0
Qj+q = Qn+q+5 −Qq+4 . (2.7)
2.1.2 Generating functions of Padovan and Perrin numbers with indices in
arithmetic progression
Setting x = yαp in the identity
∞∑
j=0
xj =
1
1− x (2.8)
and multiplying through by αq+4 gives
∞∑
j=0
αpj+q+4yj =
αq+4
1− αpy =
Pqα
2 + Pq+1α + Pq−1
−yPp−4α2 − yPp−3α− yPp−5 + 1 . (2.9)
Thus, by property P10, we have
∞∑
j=0
Ppj+qy
j =
∣∣∣∣∣∣
Pq −yPp−3 −yPp−4
Pq+1 −yPp−2 + 1 −yPp−3
Pq−1 −yPp−4 −yPp−5 + 1
∣∣∣∣∣∣∣∣∣∣∣∣
−yPp−2 + 1 −yPp−3 −yPp−4
−yPp−1 −yPp−2 + 1 −yPp−3
−yPp−3 −yPp−4 −yPp−5 + 1
∣∣∣∣∣∣
. (2.10)
Similarly,
∞∑
j=0
Qpj+qy
j =
∣∣∣∣∣∣
Qq −yPp−3 −yPp−4
Qq+1 −yPp−2 + 1 −yPp−3
Qq−1 −yPp−4 −yPp−5 + 1
∣∣∣∣∣∣∣∣∣∣∣∣
−yPp−2 + 1 −yPp−3 −yPp−4
−yPp−1 −yPp−2 + 1 −yPp−3
−yPp−3 −yPp−4 −yPp−5 + 1
∣∣∣∣∣∣
. (2.11)
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2.1.3 Exponential generating functions of Padovan and Perrin numbers with
indices in arithmetic progression
Theorem 5. The following identities hold for integers p and q:
∞∑
j=0
Ppj+q
j!
yj =
−i√
23
∣∣∣∣∣∣
αq+4eα
py α 1
βq+4eβ
py β 1
γq+4eγ
py γ 1
∣∣∣∣∣∣ (2.12)
and
∞∑
j=0
Qpj+q
j!
yj =
−i√
23
∣∣∣∣∣∣
(2αq+2 + αq−1)eα
py α 1
(2βq+2 + βq−1)eβ
py β 1
(2γq+2 + γq−1)eγ
py γ 1
∣∣∣∣∣∣ . (2.13)
Proof. By Taylor series expansion and P1 we have
αq+4eα
py =
∞∑
j=0
αpj+q+4yj
j!
= α2
∞∑
j=0
Ppj+qy
j
j!
+ α
∞∑
j=0
Ppj+q+1y
j
j!
+
∞∑
j=0
Ppj+q−1y
j
j!
.
Thus,
αq+4eα
py = α2A(p, q) + αB(p, q) + C(p, q) , (2.14)
where
A(p, q) =
∞∑
j=0
Ppj+qy
j
j!
(2.15)
and
B(p, q) =
∞∑
j=0
Ppj+q+1y
j
j!
, C(p, q) =
∞∑
j=0
Ppj+q−1y
j
j!
.
Similar calculations give
βq+4eβ
py = β2A(p, q) + βB(p, q) + C(p, q) (2.16)
and
γq+4eγ
py = γ2A(p, q) + γB(p, q) + C(p, q) . (2.17)
Solving (2.14), (2.16) and (2.17) simultaneously for A, B and C, Crammer’s rule gives
A(p, q) = ∆A/∆ ,
where
∆ =
∣∣∣∣∣∣
α2 α 1
β2 β 1
γ2 γ 1
∣∣∣∣∣∣ = i
√
23
and
∆A =
∣∣∣∣∣∣
αq+4eα
py α 1
βq+4eβ
py β 1
γq+4eγ
py γ 1
∣∣∣∣∣∣ .
The proof of (2.13) is similar. We start with
(2αq+2 + αq+2)eα
py =
∞∑
j=0
(2αpj+q+2 + αpj+q−1)
yj
j!
and make use of property P1d.
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2.1.4 Weighted Padovan and Perrin summation
Replacing x with x/y in identity (2.1) gives
(x− y)
n∑
j=0
yr−jxj = yr−nxn+1 − yr+1 , (2.18)
for integers r and n and arbitrary x and y.
Theorem 6. The following identities hold for integers m, n and r, for each set of values
of a, b, c, d and e given in the table:
bfn+1
n∑
j=0
an−jPm+d+(m+c)r−4+(e−c)j
= fn+1P(m+c)r+(e−c)n+m+e−4 − an+1P(m+c)(r+1)−4
(2.19)
and
bfn+1
n∑
j=0
an−jQm+d+(m+c)r−4+(e−c)j
= fn+1Q(m+c)r+(e−c)n+m+e−4 − an+1Q(m+c)(r+1)−4 .
(2.20)
Proof. With identity (1.26) in mind, set x = fαm+e and y = aαm+c in identity (2.18).
In particular, we have
bfn+1
n∑
j=0
an−jPm+d+(m+c)n−4+(e−c)j
= fn+1P(m+e)(n+1)−4 − an+1P(m+c)(n+1)−4
(2.21)
and
bfn+1
n∑
j=0
an−jQm+d+(m+c)n−4+(e−c)j
= fn+1Q(m+e)(n+1)−4 − an+1Q(m+c)(n+1)−4 .
(2.22)
Here are explicit examples, with the indicated set of values of a, b, c, d, e and f as read
from the table.
Set 1:
n∑
j=0
Pm+(m+1)r−5−3j = P(m+1)(r+1)−4 − P(m+1)r−3n+m−6 , (2.23)
n∑
j=0
Qm+(m+1)r−5−3j = Q(m+1)(r+1)−4 −Q(m+1)r−3n+m−6 , (2.24)
Set 7:
n∑
j=0
2n−jPm+(m−1)r−3−5j = 2
n+1P(m−1)(r+1)−4 − P(m−1)r−5n+m−10 , (2.25)
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n∑
j=0
2n−jQm+(m−1)r−3−5j = 2
n+1Q(m−1)(r+1)−4 −Q(m−1)r−5n+m−10 , (2.26)
Set 10:
n∑
j=0
2n−jPm+(m+2)r−6+3j = P(m+2)r+3n+m+1 − 2n+1P(m+2)(r+1)−4 , (2.27)
n∑
j=0
2n−jQm+(m+2)r−6+3j = Q(m+2)r+3n+m+1 − 2n+1Q(m+2)(r+1)−4 . (2.28)
Further summation identities can be obtained from the following identities:
x
n∑
j=0
yr−j(x+ y)j = yr−n(x+ y)n+1 − yr+1 (2.29)
and
(x− y)
n∑
j=0
xr−jyj = xr+1 − xr−nyn+1 . (2.30)
Identity (2.29) is obtained by replacing x with x+ y in identity (2.18) while identity (2.30)
is obtained by interchanging x and y in identity (2.18).
2.1.5 Sums of certain products of Padovan and Perrin numbers
Since
n∑
j=0
yn−jxj =
n∑
j=0
yjxn−j ,
identity (2.18) implies
1
2
n∑
j=0
(xy)j(xn−2j + yn−2j) =
xn+1 − yn+1
x− y . (2.31)
Theorem 7. The following identities hold for integers p, q and n:
n∑
j=0
Pq−pjQp(n−2j) =
∣∣∣∣∣∣
Ppn+3p+q − Pq−2pn P3p−3 P3p−4
Ppn+3p+q+1 − Pq−2pn+1 P3p−2 − 1 P3p−3
Ppn+3p+q−1 − Pq−2pn−1 P3p−4 P3p−5 − 1
∣∣∣∣∣∣∣∣∣∣∣∣
P3p−2 − 1 P3p−3 P3p−4
P3p−1 P3p−2 − 1 P3p−3
P3p−3 P3p−4 P3p−5 − 1
∣∣∣∣∣∣
+
2
∣∣∣∣∣∣
Pq+1Ppn+p−4 − PqPpn+p−3 Pp−4 0
Pq+2Ppn+p−4 − Pq+1Ppn+p−3 −Pp−3 Pp−4
PqPpn+p−4 − Pq−1Ppn+p−3 0 −Pp−3
∣∣∣∣∣∣∣∣∣∣∣∣
−Pp−3 Pp−4 0
Pp−4 −Pp−3 Pp−4
Pp−4 0 −Pp−3
∣∣∣∣∣∣
.
(2.32)
Proof. Set x = αp, y = βp in identity (2.31) and make use of Lemma 5.
A particular case is
n∑
j=0
Pq−jQn−2j = Pn+q+2 − Pq−2n−1 − 2(Pq+1Pn−3 − PqPn−2) . (2.33)
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2.2 Binomial summation identities
2.2.1 Identities from the binomial formula
With identity (1.26) in mind; substitute x = aαm+c and y = bαm+d in the binomial formula
n∑
j=0
(
n
j
)
xjyn−j = (x+ y)n , (2.34)
multiply through by αp+4 and make use of properties P1 and P9 to obtain
Theorem 8. The identity
n∑
j=0
(
n
j
)
ajbn−jP(m+d)n+p+(c−d)j = f
nP(m+e)n+p ,
holds for non-negative integer n, arbitrary integers m and p, and values of a, b, c, d and e
as given in the table.
The corresponding Perrin version of the identity of Theorem 8 is
n∑
j=0
(
n
j
)
ajbn−jQ(m+d)n+p+(c−d)j = f
nQ(m+e)n+p . (2.35)
Here are some explicit examples from Theorem 8 and sets of values from table
Set 1:
n∑
j=o
(−1)j
(
n
j
)
P(m−1)n+p+2j = (−1)nP(m−2)n+p , (2.36)
n∑
j=o
(−1)j
(
n
j
)
Q(m−1)n+p+2j = (−1)nQ(m−2)n+p , (2.37)
Set 4:
n∑
j=o
(
n
j
)
P(m−2)n+p+4j = P(m+3)n+p , (2.38)
n∑
j=o
(
n
j
)
Q(m−2)n+p+4j = Q(m+3)n+p , (2.39)
Set 7:
n∑
j=o
(−1)j
(
n
j
)
2jP(m+1)n+p−2j = (−1)nP(m−6)n+p , (2.40)
n∑
j=o
(−1)j
(
n
j
)
2jQ(m+1)n+p−2j = (−1)nQ(m−6)n+p , (2.41)
Set 10:
n∑
j=o
2j
(
n
j
)
P(m−2)n+p+4j = P(m+5)n+p , (2.42)
n∑
j=o
2j
(
n
j
)
Q(m−2)n+p+4j = Q(m+5)n+p , (2.43)
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Set 13:
n∑
j=o
(−1)j
(
n
j
)
P(m−7)n+p+14j = (−1)n4nP(m+2)n+p , (2.44)
n∑
j=o
(−1)j
(
n
j
)
Q(m−7)n+p+14j = (−1)n4nQ(m+2)n+p . (2.45)
Many more binomial identities can be derived by making appropriate substitutions in the
following variations on the binomial formula:
n∑
j=0
(−1)j
(
n
j
)
(x+ y)jyn−j = (−1)nxn , (2.46)
n∑
j=0
(−1)j
(
n
j
)
xj(x+ y)n−j = yn , (2.47)
n∑
j=0
(
n
j
)
jxj−1yn−j = n(x+ y)n−1 , (2.48)
n∑
j=0
(−1)j
(
n
j
)
j(x+ y)j−1yn−j = (−1)nnxn−1 (2.49)
and
n∑
j=1
(−1)j−1
(
n
j
)
xj−1j(x+ y)n−j = nyn−1 . (2.50)
Note that identities (2.46) and (2.47) are obtained from identity (2.34) by obvious trans-
formations while identity (2.48) is obtained by differentiating the identity
n∑
j=0
(
n
j
)
xjejzyn−j = (xez + y)n (2.51)
with respect to z and then setting z to zero. More generally,
n∑
j=0
(
n
j
)
jrxjyn−j =
dr
dzr
(xez + y)n
∣∣∣∣
z=0
. (2.52)
Identities (2.49) and (2.50) are variations on identity (2.48).
2.2.2 Identities from Waring identity
Waring’s formula and its dual [1, Equations (22) and (1)] are
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
(xy)j(x+ y)n−2j = xn + yn (2.53)
and
⌊n/2⌋∑
j=0
(−1)j
(
n− j
j
)
(xy)j(x+ y)n−2j =
xn+1 − yn+1
x− y . (2.54)
Identity (2.53) holds for positive integer n while identity (2.54) holds for any non-negative
integer n.
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Theorem 9. The following identities hold for positive integer n and arbitrary integer p:
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
Pp+n−3j = (−1)n(QnPp − Pn+p) , (2.55)
⌊n/2⌋∑
j=0
(−1)j
(
n− j
j
)
Pp+n−3j = (−1)n−1(Pp+1Pn−3 − PpPn−2) , (2.56)
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
Pp−4n+8j = Pp+nQ2n − Pp+3n , (2.57)
⌊n/2⌋∑
j=0
(−1)j
(
n− j
j
)
Pp−4n+8j = Pp+nP2n−2 − Pp+n−1P2n−1 , (2.58)
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
Pp−3n+8j = P2n+pQ2n − Pp+4n (2.59)
and
⌊n/2⌋∑
j=0
(−1)j
(
n− j
j
)
Pp−3n+8j = P2n+pP2n−2 − P2n+p−1P2n−1 . (2.60)
Proof. Identities (2.55), (2.57) and (2.59) are obtained by choosing (x, y) = (α, β), (x, y) =
(α/β, β/α) and (x, y) = (1/α2, 1/β2) in identity (2.53), in turn, and making use of (1.3),
(1.10), (1.21) and (1.22). Identities (2.56), (2.58) and (2.60) are obtained by choosing
(x, y) = (α, β), (x, y) = (α/β, β/α) and (x, y) = (1/α2, 1/β2) in identity (2.54), in turn,
and making use of (1.3), (1.10), (1.21), (1.22) and (1.14).
Theorem 10. The following identities hold for positive integer n and any integer p; where
values of a, b, c, d, e and f are given in the attached table:
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
ajbjfn−2jP(m+e)n+p+(c−2e+d)j = a
nP(m+c)n+p + b
nP(m+d)n+p (2.61)
and
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
ajbjfn−2jQ(m+e)n+p+(c−2e+d)j = a
nQ(m+c)n+p + b
nQ(m+d)n+p .
(2.62)
a b c d e f a b c d e f
Set 1: 1 −1 1 −1 −2 1 Set 9: 1 1 1 −6 −1 2
Set 2: 1 −1 1 −2 −1 1 Set 10: 2 1 2 −2 5 1
Set 3: 1 1 −1 −2 1 1 Set 11: 1 −1 5 −2 2 2
Set 4: 1 1 2 −2 3 1 Set 12: 1 −2 5 2 −2 1
Set 5: 1 −1 3 2 −2 1 Set 13: 1 −1 7 −7 2 4
Set 6: 1 −1 3 −2 2 1 Set 14: 1 −4 7 2 −7 1
Set 7: 2 −1 −1 1 −6 1 Set 15: 1 4 −7 2 7 1
Set 8: 2 −1 −1 −6 1 1
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Proof. Use (x, y) = (aαm+c, bαm+d) in (2.53) while taking note of (1.26).
Below we give explicit examples from identities (2.61) and (2.62), using the values of a, b,
c, d, e and f as given in the indicated set, in each case, as seen from the attached table of
Theorem 10.
Set 1:
⌊n/2⌋∑
j=0
n
n− j
(
n− j
j
)
P(m−2)n+p+4j = P(m+1)n+p + (−1)nP(m−1)n+p , (2.63)
Set 1:
⌊n/2⌋∑
j=0
n
n− j
(
n− j
j
)
Q(m−2)n+p+4j = Q(m+1)n+p + (−1)nQ(m−1)n+p , (2.64)
Set 4:
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
P(m+3)n+p−6j = P(m+2)n+p + P(m−2)n+p , (2.65)
Set 4:
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
Q(m+3)n+p−6j = Q(m+2)n+p +Q(m−2)n+p , (2.66)
Set 7:
⌊n/2⌋∑
j=0
n
n− j
(
n− j
j
)
2jP(m−6)n+p+12j = 2
nP(m−1)n+p + (−1)nP(m+1)n+p , (2.67)
Set 7:
⌊n/2⌋∑
j=0
n
n− j
(
n− j
j
)
2jQ(m−6)n+p+12j = 2
nQ(m−1)n+p + (−1)nQ(m+1)n+p , (2.68)
Set 10:
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
2jP(m+5)n+p−10j = 2
nP(m+2)n+p + P(m−2)n+p , (2.69)
Set 10:
⌊n/2⌋∑
j=0
(−1)j n
n− j
(
n− j
j
)
2jQ(m+5)n+p−10j = 2
nQ(m+2)n+p +Q(m−2)n+p , (2.70)
Set 13:
⌊n/2⌋∑
j=0
n
n− j
(
n− j
j
)
22n−4jP(m+2)n+p−4j = P(m+7)n+p + (−1)nP(m−7)n+p (2.71)
and
Set 13:
⌊n/2⌋∑
j=0
n
n− j
(
n− j
j
)
22n−4jQ(m+2)n+p−4j = Q(m+7)n+p + (−1)nQ(m−7)n+p . (2.72)
2.3 Double binomial summation identities
Theorem 11. The following identities hold for positive integer n and arbitrary integers m,
p and q:
n∑
j=0
j∑
k=0
(
n
j
)(
j
k
)
P kp−4P
j−k
p−3P
n−j
p−5 Pmn+q+k+j = P(m+p)n+q , (2.73)
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n∑
j=0
j∑
k=0
(
n
j
)(
j
k
)
P km−4P
j−k
m−3P
n−j
m−5Ppn+q+k+j = P(m+p)n+q , (2.74)
n∑
j=0
j∑
k=0
(
n
j
)(
j
k
)
P kp−4P
j−k
p−3P
n−j
p−5 Qmn+q+k+j = Q(m+p)n+q (2.75)
and
n∑
j=0
j∑
k=0
(
n
j
)(
j
k
)
P km−4P
j−k
m−3P
n−j
m−5Qpn+q+k+j = Q(m+p)n+q . (2.76)
Theorem 12. The following identities hold for positive integer n and arbitrary integers p
and q:
⌊n/2⌋∑
j=0
n−2j∑
k=0
(−1)j+k n
n− j
(
n− j
j
)(
n− 2j
k
)
Qn−2j−kp Pq−pj+pk = QpnPq − Ppn+q , (2.77)
⌊n/2⌋∑
j=0
n−2j∑
k=0
(−1)j+k
(
n− j
j
)(
n− 2j
k
)
Qn−2j−kp Pq−pj+pk
=
∣∣∣∣∣∣
Pq+1Ppn+p−4 − PqPpn+p−3 Pp−4 0
Pq+2Ppn+p−4 − Pq+1Ppn+p−3 −Pp−3 Pp−4
PqPpn+p−4 − Pq−1Ppn+p−3 0 −Pp−3
∣∣∣∣∣∣∣∣∣∣∣∣
−Pp−3 Pp−4 0
Pp−4 −Pp−3 Pp−4
Pp−4 0 −Pp−3
∣∣∣∣∣∣
.
(2.78)
⌊n/2⌋∑
j=0
n−2j∑
k=0
(−1)j+k n
n− j
(
n− j
j
)(
n− 2j
k
)
Qk2pPq+3pn−6pj−2pk = (−1)n(Q2pnPpn+q − P3pn+q) ,
(2.79)
⌊n/2⌋∑
j=0
n−2j∑
k=0
(−1)j+k
(
n− j
j
)(
n− 2j
k
)
Qk2pPq+3pn−6pj−2pk
=
(−1)n
∣∣∣∣∣∣
Ppn+qP2pn+2p−3 − Ppn+q+1P2pn+2p−4 P2p−4 0
Ppn+q+1P2pn+2p−3 − Ppn+q+2P2pn+2p−4 P2p−3 P2p−4
Ppn+q−1P2pn+2p−3 − Ppn+qP2pn+2p−4 0 P2p−3
∣∣∣∣∣∣∣∣∣∣∣∣
P2p−3 P2p−4 0
P2p−4 P2p−3 P2p−4
P2p−4 0 P2p−3
∣∣∣∣∣∣
,
(2.80)
⌊n/2⌋∑
j=0
n−2j∑
k=0
(−1)j+k n
n− j
(
n− j
j
)(
n− 2j
k
)
Qk2pPq+4pn−8pj−2pk = (−1)n(Q2pnP2pn+q − P4pn+q)
(2.81)
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and
⌊n/2⌋∑
j=0
n−2j∑
k=0
(−1)j+k
(
n− j
j
)(
n− 2j
k
)
Qk2pPq+4pn−8pj−2pk
=
(−1)n
∣∣∣∣∣∣
P2pn+q+1P2pn+2p−4 − P2pn+qP2pn+2p−3 P2p−4 0
P2pn+q+2P2pn+2p−4 − P2pn+q+1P2pn+2p−3 P2p−3 P2p−4
P2pn+qP2pn+2p−4 − Ppn+q−1P2pn+2p−3 0 P2p−3
∣∣∣∣∣∣∣∣∣∣∣∣
−P2p−3 P2p−4 0
P2p−4 −P2p−3 P2p−4
P2p−4 0 −P2p−3
∣∣∣∣∣∣
.
(2.82)
Proof. Identities (2.77), (2.79) and (2.81) are obtained by choosing (x, y) = (αp, βp),
(x, y) = ((α/β)p, (β/α)p) and (x, y) = (1/α2p, 1/β2p) in identity (2.53), in turn, and
making use of Lemma 5. Identities (2.78), (2.80) and (2.82) are obtained by choosing
(x, y) = (αp, βp), (x, y) = ((α/β)p, (β/α)p) and (x, y) = (1/α2p, 1/β2p) in identity (2.54), in
turn, and making use of Lemma 5.
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